The directional wavelet used in image processing has orientation selectivity and can provide a sparse representation of edges in natural images. Multiwavelets offer the possibility of better performance in image processing applications as compared to the scalar wavelet. Applying directionality to multiwavelets may thus gain both advantages. This paper proposes a scheme, named multiridgelets, which is an extension of ridgelets. We consider the application of the balanced multiwavelet transform to the Radon transform of an image. Specifically, we consider its use in the image texture analysis. The regular polar angle method is employed to realize the discrete transform. Three statistical features: standard deviation, median and entropy are computed based on multiridgelet coefficients. Classification of the mura defects of the LCD screen is tested to quantify the performance of the proposed texture analysis methods. 240 normal images and 240 simulated defective images are supplied to train a support vector machine classifier, and another set of 40 normal and 40 defective images for testing. A comparative study was made with the results obtained using 2D wavelet, scalar ridgelet, and curvelet methods. We conclude that multiridgelet method was comparable to or better than curvelet method and gave significantly better performance than 2D wavelet and scalar ridgelet methods.
INTRODUCTION
Among the various texture feature extraction approaches, directional wavelets achieve success for their ability to capture the intrinsic geometrical structures including smooth contours. The directional wavelets overcome the poor orientation selectivity of the wavelets in two dimensions which have limited ability to represent higher-dimensional singularities [1] . Candés developed the ridgelet to represent line singularities [2] and then curvelets that partition the frequency plane into dyadic coronae and subpartition those into angular wedges [3] . A more practical approach named contourlets developed by Do and Vetterli utilizes a series of two-dimensional multiscale and directional filter banks [4] .
While these methods address directionality, the frequency decomposition is done by applying scalar wavelets. Multiwavelets offer the possibility of improved performance in image processing applications, as compared to scalar wavelets [5] . This paper proposes a way to hold the directionality as well as the multiwavelet properties. Note that the ridgelet transform is implemented by the combination of the Radon transform [6] and an one-dimensional scalar wavelet transform, the latter can be replaced by a multiwavelet transform to take advantage of multiwavelet decomposition while maintaining directionality.
A method to detect mura defect, which is derived from the Japanese word for blemish [7] and is defined as an irregular lightness dispersion without clear contour on liquid crystal display (LCD), is essential to maintain the quality of the display. Such defects are resulted from improper cell thickness in a region, larger than a single pixel, typically appearing as low-contrast textural variations, and are visible when the display is driven to a constant signal level [8] . There are many reasons that cause mura such as uneven layer thickness, local non-uniformity of a chemical process, and local surface roughness. It depends on human perception as to whether the mura is acceptable and how much the quality of the device degrades, however it is often more serious to the high resolution medical LCD display because a blob mura might be misclassified as a lesion. While LCD display manufacturing is highly automated, it is examined for defects mostly by human visual inspection, which is slow and costly and becomes more difficult as panel size increase [9] . An automatic mura detection is beneficial to maintain the uniform quality of the display product. This paper discusses the application of the multiridgelet method in detecting blob mura defects.
The organization of this paper is as follows. The method and implementation issues are described in Section 2. Feature extraction and classification are described in Section 3. Experiments on simulated blob mura classification and detection test are presented in Section 4, where the proposed method is compared with the existing directional wavelet transform methods. Conclusions and discussions are given in Section 5.
METHODS
Instrumental in the implementation of the ridgelet is the use of Radon transform, which is a tool to extract lines in edgedominated images. It maps a line singularity into a point singularity. Multiwavelet transform decomposes the point singularity with respect to given multiple scaling functions and multiple wavelets.
Design of multiridgelet transforms
A ridgelet is defined as a wavelet distributed along a ridge of orientation x 1 cosθ + x 2 sinθ = b within the Cartesian plan (x 1 , x 2 ):
where ψ is a wavelet function, a > 0 is a scale parameter, b ∈ R is the radial distance, and θ ∈ [0,π ) is an angle.
The ridgelet transform of an image I(x 1 , x 2 ) is obtained by projection on this basis:
The ridgelet transform can be seen as the 1-D wavelet transform of the Radon transform R I (t,θ) which consists of projecting the image along radial lines of different orientations θ :
where δ is the Dirac delta function, θ ∈ [0,π ) is the angle of a radial line of projection, and t ∈ R is the perpendicular offset of the line. Therefore R I is the integral of image I over the line t = x 1 cosθ + x 2 sinθ . Then the ridgelet transform is the application of 1-D scalar wavelet transform ψ to the projection of the Radon transform
Multiridgelet transform (for multiplicity r = 2) is the application of the multiwavelet transform, with multiple wavelets
, to the Radon transform.
Realization in discrete domain
The Radon transform is a process in radial nature where a line of an orientation θ does not always intersect the Cartesian discrete grids, resulting into interpolation in polar coordinates from image data in discrete grids; therefore the perfect reconstruction from the transformed data is not ensured. Radon transform of the discrete image I[m,n] is given
where ˜ I is an interpolant of image I.
For the balanced multiwavelet with multiplicity 2, there are two wavelets, ψ 0 (t) and ψ 1 (t) , and two corresponding scaling functions, ϕ 0 (t) and ϕ 1 (t). The discrete multiwavelet transforms needs 2x1 vector inputs from the 1-dimensional data given by the Radon transform along a radial line. We can use the even-indexed data R I [2n,θ] and odd-indexed data R I [2n,θ] to form a polyphase input for the multiridgelet transform MRT I [n,θ]. The multiridgelet decomposition from one scale level to the next coarser scale level is computed through the use of the scaling filter matrix C(n) and wavelet filter matrix D(n)
where h 0 (n) , h 1 (n), h 2 (n) and h 3 (n) are filter coefficients of the balanced multiwavelets.
Donoho et al [10] [11] developed digital ridgelet transform utilizing the fast slant stack in pseudopolar angles. Another practical implementation of the radon transform that ensures invertible transformation was introduced by Do [12] , the Finite Radon Transformation (FRAT). It defines lines in a finite geometry similar to the lines in Euclidean geometry used in the continuous Radon transform, however, it requires images with array length of prime numbers thus making it less practical. Jun et al [13] proposed an improved version so that it can accept dyadic array length. We implemented multiridgelets without using the pseudopolar angle, but the regular polar angle, and used slant stacks of 180 degrees. Although it does not guarantee the perfect reconstruction, it produces the same number of columns of coefficient matrices in the Radon domain regardless the size of input images, which is beneficial especially for small images.
Comparisons among different implementation methods of the Radon transform were performed and showed that the multiridgelets with regular polar angle implementation method performs better than others in terms of the texture feature extraction.
TEXTURE CLASSIFICATION
An order-2 balanced cardinal multiwavelet [14] was used in the ridgelet transform. The decomposition to 3 scale levels was used. For the texture feature extraction, the following subbands of multiridgelet coefficients were considered. The low frequency region (at the scale level 3) is regarded as 1 subband, the first high frequency region (at scale level 3) is divided into 4 subbands, the next higher frequency region (at scale level 2) is divided into 8 subbands, and the highest frequency region (at scale level 1) is divided into 16 subbands with respect to directions. Three statistical features in each directional subband were computed from the multiridgelet coefficients: standard deviation σ , median md , and entropy s . The feature vector of image k is then given by
where N is the number of subbands and the dimension of the feature vector is 3N .
For comparison purpose, three other methods were also run on the same dataset, they were 2-D wavelet, ridgelet [2] , and curvelet [3] methods. Features were extracted for 3 scale levels for 2-D wavelet transform. The order-4 Daubechies wavelet was used in ridgelet transform with the same scale and subband scheme as used in the multiridgelet transform. The number of scales used in the curvelet transform for the experiment was 3.
The choice of feature classifier is the Support Vector Machine (SVM) [15] . Due to its capacity of prediction of unknown samples with a good degree of accuracy, it offers advantages of providing better classification performance in higher dimensional feature space with less training samples [16] .
The training of a SVM is the task of finding the separation hyperplane parameters (w,b) that maximize the separation margin of the closest data points from two classes. For input points x k the decision function is formulated as
The true positive fraction (TPF) and the false positive fraction (FPF) of the classifier can be determined by
where 
EXPERIMENTS
Since the mura defects are of great complexity and vagueness, it is difficult to establish an accurate mathematical model [17] . However, a blob mura defect appears somewhat circularly shaped with low-contrast, and having no distinctive boundaries, it is often modeled as isotropic Gaussian shaped functions with various ranges of radii and intensity levels [18] , typically larger than a single pixel [19] .
The proposed method was tested by samples from the Dome C5i active matrix LCD medical display (for mammogram examination) by Planar, Inc. Set 50% intensity to the display to be captured by a digital camera. The LCD has 165 μm spatial resolutions for each pixel; 5x5 pixels were rendered as one real pixel in an experimental image. For examination of microcalcifications in mammographic studies, they have an average diameter of 0.3 mm in size and up to about 0.7 mm [20] , and the size of a primary tumor T1 is less than 2 cm [21] . A typical resolution of the digitized mammograms is 50 to 100 microns per pixel [22] . Images sampled by 256 pixels width and 256 pixels height are adequate to cover the ranges mentioned above.
An isotropic Gaussian function was adopted to simulate a blob mura and was placed in the center of a sampled image block to form a simulated abnormal image. Various intensity and size of the blob mura were supplied for training data to ensure accuracy of the classifier. Figure 1 demonstrates two examples of the simulated mura defects.
(a) (b) Fig. 1 . An example of simulated mura defects. An isotropic Gaussian function is placed at the center of the 256x256 sampled block of LCD display image displaying 50% grayscale level: (a) smaller radius and more intensity, and (b) larger radius and less intensity.
Features were extracted for the given images based upon the proposed multiridgelet method as well as three competitive methods. In each case, a SVM classifier was trained using the Smooth SVM [23] algorithm. A total of 240 normal samples and 240 simulated defective samples were used as the training set, another 60 normal and 60 abnormal samples were utilized for validating the trained classifier. Figure 2 illustrates characteristics of each classifier in the ROC scheme, which was obtained by varying the control variable ζ suggested in (11) . The dot on each curve represents where the optimal hyperplane of the SVM classifier (for ζ = 0) is located. Figure 2 shows that curvelet method is higher in very low false positive rate but multiridgelet method is higher in most of the area. This indicates that the curvelet method works better in a conservative sense, however, multiridgelet method performs better overall. Multiridgelet method is significantly higher than wavelet and scalar ridgelet method. Table 1 demonstrates figures of merit of the four methods based on the validation set to show the performance quantitatively.
The measure of Area Under ROC Curve (AUC) was calculated using the trapezoidal rule. Note that the multiridgelet method gave a significant improvement over the scalar ridgelet method. Another set of 40 normal and 40 abnormal images were used for testing, each image consists of 1280 pixels wide and 960 pixels high. A Gaussian blob was superimposed on an arbitrary location in a simulated defective display image. We took subimages of 256x256 pixels, extracted feature vectors, and fed them to the classifiers. If the mura blob is in the subimage and is classified abnormal, the detection is a hit, otherwise, it is determined as a miss. Table 2 indicates detection accuracy of each classification system. It shows that the multiridgelet method performed better than the other methods. Note that the relative higher numbers of false positives per image is due to the higher level of difficulty of simulating mura defects, however, it is sufficient to demonstrate the capacity of the proposed multiridgelet method for texture detection and classification. 
DISCUSSION
Multiridgelet transform, a simple extension of ridgelet transform through the use of a balanced multiwavelet transform has been studied. The capability of this directional multiwavelet method has been demonstrated by experiments on the mura defect detection of the LCD screen. Its performance surpassed that of the single ridgelet method as expected, and was superior to the scalar wavelet method in all the performed tests. In a conservative operating condition, it was less than that of the curvelet method, but is better in the overall performance. Although only simulated mura defects were experimentred, the results obtained are encouraging for the multiridgelet method to be used in describing the subtle texture characteristics in the real world mura defects.
